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ABSTRACT 

A un i f i ed  second order accurate finite difference approach t n  these 

problems is discussed and a motivation as a weak s o l u t i o n  method i s  

described. 
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I. In t roduc t ion  

Consider a r ec t angu la r  domain D i n  t h e  x-y p l ane  i n  which a v e c t o r  

s o l u t i o n  t o  t h e  d i f f e r e n t i a l  equation 

U + AUx = 0 
Y (1.1) 

is t o  be obtained when c e r t a i n  conditions,  descr ibed by a boundary 

ope ra to r  BA, are prescr ibed on the boundary y of D ,  v iz . ,  BAU = g 

on y. We assume BA is such that  a w e l l  posed problem r e s u l t s .  

The wave equat ion r e s u l t s  when A = (! i )  i n  which case rank 

BA = 2 

BA = 0 

We recall t h a t  i f  

on t h e  s i d e  where i n i t i a l  condi t ions are prescr ibed,  rank 

on t h e  opposi te  s i d e ,  and rank BA = 1 on t h e  remaining s i d e s .  

t h e  f a m i l i a r  energy estimate 

T 
r e s u l t s  by mult iplying (1.1) by U (x,y) and i n t e g r a t i n g .  I f  t h e  

boundary condi t ions are d i s s i p a t i v e ,  UTAU) > UTAUl so t h a t  
xl- xO 

l l U l l  5 IIUII o; as a r e s u l t  both ex i s t ence  and uniqueness can be shown 

t o  follow. 

For t h e  Cauchy-Riemann equations A = (-: 01) and rank B = 1 on 
A 

a l l  s i d e s .  I n  t h i s  case an estimate f o r  t h e  norm 

11 U = \/ UTUdxdy 
D 



i n  terms of boundary d a t a  can be given by introducing a p o t e n t i a l  func t ion  

and employing Green's theorem; again,  uniqueness as w e l l  as e x i s t e n c e  

under r a t h e r  general  condi t ions follows. 

F r i e d r i c h ' s  theory of symmetric p o s i t i v e  equat ions [I] provides  a 

u n i f i e d  viewpoint f o r  t r e a t i n g  systems of equat ions without regard t o  

type and it is n a t u r a l  t o  i n q u i r e  whether o r  no t  a more u n i f i e d  viewpoint 

about numerical approximations is  a l s o  poss ib l e .  

This  paper i n v e s t i g a t e s  a f i n i t e  d i f f e r e n c e  scheme f o r  (1.1) which 

i s  convergent f o r  t h e  Cauchy-Riemann equat ions as w e l l  as f o r  t h e  wave 

equation. For t h e  la t ter  a d i r e c t  p a r a l l e l  t o  t h e  energy argument 

descr ibed above i s  obtained. For t h e  Cauchy-Riemann equat ions,  a 

simple argument w i l l  imply t h e  maximum p r i n c i p l e  and i t s  w e l l  known 

consequences. 

A motivation f o r  t h e  f i n i t e  d i f f e r e n c e  scheme as the  consequence 

of a common approximation method f o r  both classes of problems is  given 

i n  t h e  f i n a l  s ec t ion .  

I n  t h e  following s e c t i o n s  w e  assume t h a t  t h e  r ec t angu la r  domain 

i s  divided i n t o  MN r ec t angu la r  c e l l s  T centered a t  p o i n t s  Pij  i j  

D 

- The f i n i t e  d i f f e r e n c e  scheme and each of area AxAy; Ui j  = U(Pij). 

w e  s h a l l  be primarily concerned with involves  va lues  a t  t h e  midpoints 

of t h e  s i d e s  of 71 as ind ica t ed  i n  Figure 1. i j  

Figure 1: An elementary c e l l  Tij  
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The f i n i t e  d i f f e r e n c e  equations a s s o c i a t e d  w i t h  equat ion (1.1) i n  

each c e l l  IT are: i J  

i n  which X = Ay/Ax. The consistency of t h e s e  approximations t o  (1.1) 

i s  evident .  

Note t h a t  i n  D (1.3) express 2NM equat ions f o r  t h e  ( N -  1)M+ (M-l)N 

unknowns a t  p o i n t s  i n t e r i o r  t o  D and t h e  2(N+M) unknowns l y i n g  OR t h e  

boundary of D; t h e  a d d i t i o n a l  ( N + M )  boundary condi t ions f o r  each problem 

(arising frrm, the conditions f o r  rank BA) t hus  r e s u l t  i n  a determined 

system of a l g e b r a i c  equat ions.  

11. The Wave Equation 

I n  t h e  case of t h e  wave equation A is  symmetric and an energy 

estimate analogous t o  (1.2) r e s u l t s  by mult iplying t h e  d i f f e r e n c e  equat ion 
m 

(1.3a) by @i,j  + 1 /2  + 'i,j - 1/2 1 'L and summing on i ; interchanging t h e  

average i n  t h e  y d i r e c t i o n  with t h e  average i n  t h e  x d i r e c t i o n  as 

expressed by (1.3b) and employing t h e  symmetry of A t h e r e  r e s u l t s ,  w i t h  

i= 0 

For d i s s i p a t i v e  boundary conditions appropr i a t e  t o  t h e  wave equat ion t h e  

las t  term on t h e  right-hand s i d e  is non-negative and t h e  norm estimate 



r e s u l t s ,  a f a c t  which enables  one t o  conclude convergence f o r  a l l  values  

of X as Ax + 0, Ay -+ 0 when s o l u t i o n s  are smooth. 

This  scheme is non-diss ipat ive i n  t he  i n t e r i o r  of D. A s  w i l l  be 

ind ica t ed  below, (1.3) is  accura t e  t o  second o rde r  and well-known r e s u l t s  

about non-dissipative second order  methods i n d i c a t e  t h a t  t h e  scheme cannot 

provide a monotonic approximation i n  a neighborhood of a d i s c o n t i n u i t y  of 

t h e  s o l u t i o n  of (1.1). Seve ra l  means of overcoming t h i s  problem are 

known and w i l l  n o t  be  discussed f u r t h e r  i n  t h i s  paper. 

may be  el iminated;  t h e  
Or ' i,j - 1 /2  In  (1.3) e i t h e r  Ui,  + 1/2 

r e s u l t  is 

where 

1 R* = 2 (IfhA) . 

known f o r  a f i x e d  value of j ,  (2.2a) descr ibes  
, j  - 1 / 2  

Thus, with Ui 

a two-point boundary value problem t o  be solved f o r  

determined, (2.2b) then provides values  U i , j + l / 2  a s  new i n i t i a l  d a t a  

U i , j ;  wi th  U 
i , j  

f o r  t h e  

between 

'i,j + 112 next  step.  More d i r e c t l y ,  by e l imina t ing  t h e  va lues  

two neighboring ce l l s  t h e  following box-scheme r e s u l t s :  

i 

+ + 'i- 1 / 2 , j  
= 1 / 2 , j  
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and from which t h e  a s s e r t i o n  t h a t  t h e  proposed scheme (1 .3 )  i s  second-order 

accurate is immediately evident .  

This  d i scuss ion  can be extended t o  hyperbol ic  systems of conservat ion 

laws of t h e  form U t  + F + G = 0 and f o r  which t h e  approximation method 

underlying (1 .3)  which is described below also i n d i c a t e s  a n a t u r a l  ope ra to r  
X Y  

" 
s p l i t t i n g  technique f o r  r e so lv ing  t h e  s o l u t i o n  as a simple composition of 

one-dimensional s o l u t i o n s  each of which is  descr ibed by ( 1 . 3 ) .  This ,  and 

o t h e r  a spec t s  of t h i s  problem, w i l l  be discussed i n  d e t a i l  i n  a s e p a r a t e  

paper. 

111. Cauchy - Riemann Equations 

,,- - L - l l  7 2 - 2  - 
~ M L L  L L ~ U L ~  WUT d i s c u s s i o n  or' t h e  probiem f o r  t h e  Cauchy- Kiemann 

equat ions t o  t h a t  i n  which one component of U is prescr ibed on t h e  

boundary of D ,  i .e . ,  t o  t h e  D i r i c h l e t  problem f o r  (1.1) when A = (-01 :)a 

I n  o r d e r  t o  d i scuss  equation (1 .3)  i n  t h i s  case it  w i l l  be convenient 

t o  introduce new v a r i a b l e s  W ( Q )  

IT as ind ica t ed  i n  Figure 2 

a s soc ia t ed  wi th  v e r t e x  p o i n t s  of a c e l l  

i j  

Figure 2 

s a t  is f y ing 
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i n  which case equat ion (1.3b) is  s a t i s f i e d  i d e n t i c a l l y  while  (1.3a) r e s u l t s  

i n  the  box-scheme . 

To (3 .1)y  ( 3 . 2 )  are t o  be added (N+M) boundary t h e  condi t ions  

now expressed i n  terms of va lues  of W .  

BAU= g 

The number of unknown vec to r s  W(Q) occurr ing  i n  these  equat ions 

is  (M+ 1 )  (N+ 1 )  . I f  W(Q) is a r b i t r a r i l y  s p e c i f i e d  a t  any po in t  then 

equat ions (3 .2)  and t h e  (M+N) boundary condi t ions  w i l l  y i e l d  a determined 

system of equat ions f o r  

The f a c t  t h a t  

W(Q) . 
W(Q) may be a r b i t r a r i l y  s p e c i f i e d  a t  any po in t  r e f l e c t s  

t he  f a c t  t h a t  t he  s o l u t i o n  of (3.1) is  determined only t o  wi th in  an 

a r b i t r a r y  constant  vec to r .  

Consider t h e  vertex p o i n t  Q common t o  t h e  f o u r  ad jacent  c e l l s  0 

IT R IT ?T i nd ica t ed  i n  F igure  3 .  i j '  i+ ly j  i , j+l  i+l, j+l 
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(3 .3 )  

Ql 

Q4 

i+l, j+l IT 

Q, 

i+l¶ j 
IT 

Q2 

Q3 

Figure 3 

Using (3.2) t h e  reader  may e a s i l y  v e r i f y  t h a t  

This represents  an approximation t o  the  Laplacian operator ro t a t ed  

through an  angle of ~ / 4  about Q,. 

This observation i m p l i e s  a maximum pr inc ip l e  f o r  W(Q) , hence 

uniqueness f o r  U(P) ; f ami l i a r  r e l a t e d  arguments a l s o  e s t a b l i s h  t h e  

(quadratic) convergence of U(P) t o  t h e  so lu t ion  of t h e  Cauchy-Riemann 

equations as 

repeated here. 

h + O ,  Ay+O. Because of t h e i r  f a m i l i a r i t y  they are not 

A consequence of ( 3 . 3 ) ,  a l so ,  is t h a t  the  semi-norm 

where N(Q) ind ica t e s  t he  diagonal neighbor of Q i n  a cell ,  provides 

an  estimate for W 

Green' s theorem. 

i n  terms of t h e  boundary da ta ,  using the  analogue of 
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Equation (3.3) expressed i n  terms of box v a r i a b l e s ,  o r i g i n a l l y  

introduced t o  f a c i l i t a t e  a proof of t h e  convergence of (1 .3) ,  a l s o  

sugges ts  e f f e c t i v e  s o l u t i o n  techniques f o r  t h i s  problem based upon 

known r e s u l t s .  

I V .  A Motivation 

Consider t he  p o s s i b i l i t y  of developing an approximation method 

which app l i e s  t o  t h e  two completely d i f f e r e n t  types of equat ions 

expressed by (1.1). 

s o l u t i o n s  i t  is n a t u r a l  t o  consider  a method which is c o n s i s t e n t  wi th  

weak-solution methods. 

approximation methods should, as w e l l ,  be expected t o  converge t o  t h e  

known s t rong  s o l u t i o n  of such problems. 

Since the  wave equat ion  permi ts  discont inuous 

When appl ied  t o  e l l i p t i c  equat ions such mesh 

To t h i s  end consider  t h e  fol lowing adap ta t ion  of t h e  weak-element 

approximation method descr ibed i n  [ 2 ] :  l e t  CT denote a s i d e  of one of 

t h e  elementary rec tangular  c e l l s  IT which p a r t i t i o n  D and l e t  IT(CT) 

be an assoc ia ted  ce l l  of t h e  same dimensions b i sec t ed  by t h e  s i d e  0. 

I n  each elementary ce l l  IT w i th  t h e  o r i g i n  as cen te r  let  

where  IT),  IT) a r e  parameters y e t  t o  be determined; thus  U(x,y,IT) 

is  a so lu t ion  of (3.1) i n  T .  

On each a s soc ia t ed  c e l l  ~ ( a )  l e t  @(GI be smooth and equal  t o  1 

i n  v(u) except i n  a small neighborhood of t h e  boundary where i t  

vanishes .  Considering @={@(a) }  as a class of test func t ions ,  mul t ip ly  

(1.1) by @(a) and i n t e g r a t e  by p a r t s  aver a subdomain ?(a) of T ( O )  

t o  ob ta in  
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Thus i f  0 is a s i d e  common t o  cells  T, n' then  t h e  approximations 

U(P,T) , U@,T' )  w i l l  s a t i s f y  (4.3) i f  

(4.4a) / U(P,n)du = U(P,T')da 
a U 

while  a t  a boundary s i d e  a 

(4.4b) 

In the examples inidei &scussicm i hese  conciitions provide f o r  a determined 

a l g e b r a i c  system of equat ions f o r  t h e  parameters %(T), b ( ~ )  . 
For the  l i n e a r  approximation descr ibed by ( 4 . 2 ) ,  equat ion (4.3) 

impl ies  t h a t  t h e  va lues  of t he  approximation U(P,T) i t s e l f  is continuous 

a t  the  c e n t e r  p o i n t  of each s i d e  u of T . A s  a result, t h e  va lues  of 

t h e  parameters s(T), - b(T) 

of va lues  of U a t  t h e  c e n t e r  po in t s  of t he  s i d e s  of 7 ~ .  The r e s u l t s  

are t h e  d i f f e r e n c e  equat ions (1.3). 

occurr ing i n  (4.2) may b e  expressed i n  terms 

The previous d iscuss ion  shows t h a t  t h i s  approximation method 

produces convergent approximations f o r  a l l  va lues  of t h e  mesh parameters 

f o r  both t h e  wave equat ion as w e l l  as t h e  Cauchy-Riemann equat ions.  

More gene ra l ly ,  t h i s  suggests  t h a t  a more un i f i ed  approach can be developed 

t o  treat the numerical  s o l u t i o n  of d i f f e r e n t i a l  equat ions  without  regard 

t o  type. 
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